Abstract The paper concerns a continuous model governed by a ODE system originated by a discrete duopoly model with bounded rationality, based on constant conjectural variation. The ultimately boundedness of the solutions (existence of an absorbing set in the phase space) is shown and conditions guaranteeing the nonlinear, global, asymptotic stability of solutions have been found using the Liapunov direct method.
Introduction
The classic model of oligopoly was proposed by the French mathematician A. Cournot [8] and dates back to 1838. The oligopoly market structure showing the action of only two companies is called duopoly. Duopoly is an intermediate situation between monopoly and perfect competition, and analytically is a more complicated case, because an oligopolist must consider not only the behavior of the costumers, but also those of the competitors and their reactions. In duopoly game each duopolist believe that he can calculate the quantity he should produce in order to maximize his profits. In the study of theoretic and realistic problems of duopoly, the Cournot model and successively the conjectural variation model proposed by Bowley in 1924 [5] and later by Frish in 1933 [13] have been generally accepted and become the two important tools, convenctional game theory and conjectural variation model, to describe the market behavior. A useful summary of the history and of the debate on the conjectural variations is provided by Giocoli in [14] . Conjectural variation is referred to the beliefs that one firm has about the way its competitor may react if it varies its output. The firm forms a conjecture about the variation in the other firm's output that will accompany any change in its own output. In the classic Cournot model, it is assumed that each firm treats the output of the other firm as given when it chooses its output. In this case the conjectural variation is zero. Many researchers (see for instance [1] - [4] , [10] , [15] ), have paid a great attention to the dynamics of games. To make the theory more realistic, people have put forward various bounded rationality behaviors, combined game theory with dynamic system, assumed a delay in the term of bounded rationality, and formed this field of bounded rational dynamic game. Different expectations such as naive expectations, adaptive expectations and bounded rationality have been proposed. Generalizations have been made for the Cournot-Kopel duopoly model [24] , [21] , by introducing self and cross diffusion terms in the equations 1 , when the outputs are in the market in large territories. Given a model, economists need to make predictions on the asymptotic behavior of the system i.e. how the model behaves in the future. Although the mathematical models represent only an approximation of the problem (they consider only some variables that are involved in the phenomenon), they allow to obtain an estimate for the market development. Recently, in [28] , the discrete duopoly model (2) with bounded rationality based on constant conjectural variation has been considered and the local stability of critical points, numerical simulations, Liapunov exponents and fractal dimensions of strange attractors are investigated. In the present paper, we generalize (2) via a continuous ODEs system aimed to investigate on the longtime behavior of the solutions. Precisely, our aim is to i) show that, in the phase space, there exists an absorbing set of the solutions; ii) find conditions assuring the nonlinear global asymptotic stability of solutions.
The paper is organized as follows. It begins by recalling the discrete model (2) proposed in [28] (Section 2). Successively, the continuous counterpart of (2) is introduced and the invariance of the first orthant is shown (Section 3). Section 4 is devoted to the existence of an absorbing set and uniqueness. Critical points are determined in Section 5 while linear and nonlinear global asymptotic stability are studied respectively in Section 6 and 7. The paper ends with an Appendix (Section 8) in which the origin of the function (44) is recalled.
The discrete model
In the duopoly model, proposed in [28] , it is assumed that two duopolists X and Y, in the hypothesis of constant conjectural variation, produce similar products for quantity competition. The firms do not have complete information or complete rationality behavior, but they know marginal profit function of constant conjectural variation. It is a model which utilize marginal profit function of static constant conjectural variation model to make output decision. The marginal profit function of conjectural variation of firms X and Y has the following form
where c i > 0 is the marginal cost function, while α i , L i and γ are positive model parameters. Denoted by x t and y t the output of firm X and Y respectively, the firms adjust the output of the next period t + 1 considering marginal profit function and output of the current period t. When marginal profit function is positive they have an action of increasing output; when marginal profit function is negative they have an action of decreasing output. One obtains the following discrete system for the two firms
where a > 0 and ν > 0 represent the speeds of output adjustment of two firms. In [28] , the local stability of critical points, numerical simulations, bifurcation diagram, Liapunov exponents and fractal dimensions of strange attractors are investigated. In addition, symmetry model and Bertrand model have been investigated.
Continuous ODEs model
Assuming continuous time scales, denoting by u and v the outputs of the two firms X and Y , respectively, from (2) the nonlinear continuous system for the evolution of u and v is immediately obtained
where
To (3) we append the initial data
with u 0 , v 0 assigned positive constants.
Further we remark that the first orthant is invariant. In fact, integrating (3), one obtains
and hence {u 0 > 0, v 0 > 0} imply {u(t) > 0, v(t) > 0 ∀t ≥ 0} i.e. the first orthant is invariant.
Ultimately boundedness (absorbing sets) and uniqueness
As it is well-known a set A of the phase space (u, v), is an absorbing set if, denoting by d [(u, v) , A] the distance between [u(t), v(t)] and A at time t, i.e.
d(t) = inf
it follows that i) A is a global attractor, i.e.
with (u 0 , v 0 ) ∈ B, for any open set B ⊃ A;
ii) A is positively invariant, i.e.
Theorem 1 Any set containing the rectangle
of the phase space is an absorbing set for (3).
Proof. By virtue of (3) 1 it follows that
from which, by setting w = 1 u , we obtain
and hence, integrating, it follows that
Since (12) implies
one immediately obtains that, ∀ε > 0, there exists T 1 (ε) > 0 such that
Following the same procedure for (3) 2 , one obtains the existence of a constant
For ε → 0 and T = max{T 1 , T 2 }, from (14)- (15), it follows that
i.e. S is an attractor. In order to prove that S is positively invariant, let us assume that
then, from (12) and (17) 1 it follows that
Following the same steps for v(t), one obtains
i.e. S is invariant.
Remark 1 Since any solution enters in S in a finite time and remains there, without loss of generality, we can confine ourselves to study the dynamical behavior of the system in S assuming (u 0 , v 0 ) ∈ S.
The following uniqueness theorem holds Theorem 2 The system (3) -(4) admits a unique solution.
Proof. Let (u 1 , v 1 ) and (u 2 , v 2 ) be two solutions of (3)- (4). On setting
it follows that
From (21) it follows that 1 2
By virtue of the boundedness of solutions and |ũ|
with κ positive constant. Integrating (24) it immediately follows
and in view of (22), one obtainsũ 2 +ṽ 2 ≡ 0.
Critical points of (3)
The critical points of (3) are the roots of the algebraic system
Besides the trivial equilibrium E 0 = (0, 0), system (3) admits the following nontrivial critical points (boundary equilibrium points)
and the only equilibrium of constant conjectural variation
where the parameters satisfy
Remark 2 The property of the equilibrium of conjectural variation is that: i) when firm 1 chooses equilibriumū, thenv is the optimal selection of firm 2;
ii) when firm 2 choosesv, thenū is the optimal selection of firm 1;
iii) the realization condition of equilibrium of conjectural variation is that each firm has complete information of market and the ability of complexity rational behavior.
Linear stability
Denoting by (ū,v) a constant critical point of (3), we set
Then, the equations governing (U, V ) are given by
(31)
(31) becomes
under the initial data
with L given by
Denoting by λ i (i = 1, 2) the eigenvalues of L, it is well-known that
and hence, if and only if,
the critical point (ū,v) is linearly stable.
Theorem 3 By virtue of (38), it follows that i) E 3 is linearly stable;
ii) E 0 , E 1 , E 2 are unstable;
iii) E 0 is a unstable node; E 1 , E 2 are saddle point; E 3 is a stable node; iv) the spectral equation is given by λ
i.e. the eigenvalues are real.
Proof. By virtue of (38), one obtains
and hence, i)-ii) immediately follow. In order to prove iii), iv), v), from
it follows that, the spectral equation is given by λ 2 − I 0 λ + A 0 = 0. In addition, since
the eigenvalues are real and v) holds. Further, it immediately follows that E 0 is an unstable node since {λ 1 = aθ 1 > 0, λ 2 = νθ 2 > 0};
E 2 is a saddle point, since
E 3 is a stable node, since
Nonlinear stability of E 3
The nonlinear stability analysis is based on the Rionero's function [11] , [16] - [18] ,
whose time derivative along the solutions of (33) is given bẏ
with A 0 , I 0 given by (37),
and
Theorem 4 The equilibrium of conjectural variation E 3 is nonlinearly asymptotically exponentially stable, according to
with η ∈]0, 1[ and h 1 positive constant, under the local condition
(49) with δ 1 , δ 2 positive constants and globally nonlinearly asymptotically exponentially stable under the condition θ
Proof. From (46) immediately one obtains
Setting E = (U 2 +V 2 ) and on taking into account that there exist two positive constants
, in view of (51), the (45) leads tȯ
and henceV
. Choosing
by recursive argument, (48) immediately follows. On the other hand, in view of Theorem 1, one has
and hence (50) immediately follows.
Remark 3
In view of i) and ii) of Theorem 3, it follows that, in the passage from the discrete model to the continuous ODEs one (with constant conjectural variation), the constant steady states do not vary. Their stability-instability don't vary, except the fact that in the continuous model, E 3 is reached exponentially when t → ∞, from any initial state. In fact, we remark that, since in the case E ∈ {E 0 , E 1 , E 2 }, generally I 0 (E)A 0 (E) < 0 does not continues to hold, therefore does not appear a stabilizing effect of the nonlinearities.
Appendix
We define peculiar the Liapunov function able to give for the nonlinear stabilityinstability, exactly the same conditions of the linear stability. We, following [18] , here recall the construction of a such Liapunov function for a binary system of O.D.Es, since is this function that appears in Section 7. Let us consider the stability of the zero solution of the system 
(f, g being nonlinear and such that f (0, 0) = g(0, 0) = 0) and introduce the function
with 
by straightforward calculations it follows that dW dt = IA(x 2 + y 2 ) + Ψ, 
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